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Abstract 

A relation between the 4d superconformal index and the S 3 par- 
tition function is studied with focus on the 4d and 3d actions used 
in localization. In the case of vanishing Chern-Simons levels and 
round S 3 we explicitly show that the 3d action is obtained from the 
4d action by dimensional reduction up to terms which do not af- 
fect the exact results. By combining this fact and a recent proposal 
concerning a squashing of S 3 and SU(2) Wilson line, we obtain a 
formula which gives the partition function depending on the Weyl 
weight of chiral multiplets, real mass parameters, FI parameters, 
and a squashing parameter as a limit of the index of a parent 4d 
theory. 
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1 Introduction 



Recent years, exactly calculable quantities in gauge theories play important roles 
in study of gauge theories themselves and their relation to string/M theory. In 
this paper we discuss a relation between two of such quantities. 

One is the S 3 partition function[TJ [21 [3] • It is used to confirm dualities 
among 3d theories H U H [7] and predictions of AdS 4 /CFT 3 [i E UM ED H2] • 
Furthermore, this function provides a simple way to determine the R-charge at 
IR fixed points [2 . The partition function is evaluated exactly by localization. 
We choose a nilpotent supercharge Q and deform the action by Q-exact terms. 
The partition function is given by 

Z = Jv<$> exp (-S< 3d) - u J JgC^d 3 ^ . (1) 

Sq 3 ^ is the original action of the 3d theory and the second term in the exponent 
is the Q exact action. This path integral does not depend on it, and is evaluated 
exactly in the weak coupling limit u — > oo. 

The other exactly calculable quantity we consider is the J\f = 1 superconfor- 
mal index for 4d theories [T51 114) . The index is defined by 



I(t, x, hi) = tr 



{ _ l) F q D-^R-2J H R+2J Lx 2J R JJ ^ 



(2) 



where D (the dilatation), R (the R-charge), Jl and Jr (SU(2)l x SU(2)fi spins), 
are Cartan generators of the J\f — 1 superconformal algebra PSU(2, 2|1), and 
Ti are Cartan generators of the flavor symmetry. Only operators saturating the 
BPS bound 

D - - 2 J L > (3) 

contribute to the index, and ([2]) is independent of the variable q. This quantity is 
exactly calculable, and is conveniently used as a tool to check Seiberg-duality[15, 
El [HI [18] and AdS 5 /CFT 4 [l3l[l9l[2Ql[2TJ[22]. 

One way to compute the index is to use localization. We choose a nilpotent 
supercharge Q and deform the action by Q-exact terms. The index can be 
expressed in the path integral form 

I(t, x, hi) = J V§ exp (-S [ id) -u J ^gC^^x^j , (4) 

where Sq 4 ^ is the original action of the theory defined in S 3 x S 1 , and the 
second term in the exponent is the Q-exact deformation action. The chemical 
potentials are introduced as non-trivial Wilson lines around S 1 . Let r and fir 
be the S 3 radius and the S 1 period, respectively. The ratio /3 is related to 
the parameter q by q = e~@ . In the case of the index, the deformation term 
does not necessarily have to be Q-exact because the index does not depend on 
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continuous coupling constants; even so, we adopt a Q-exact deformation action 
in this paper for the reason which will become clear shortly. 

The similarity between (fTJ) and (0} strongly suggests that there exists some 
relation between the index and the partition function. If we consider 4d and 
3d theories with the same gauge group G and the same matter contents, we 
naturally expect that the partition function is obtained by taking a small S 1 
limit of the index. Such a relation was recently studied in (23] [24] ■ 

In [23] it is shown for particular examples of gauge theories that a relation 
between the 3d partition function and the 4d index follows from certain math- 
ematical properties of special functions appearing in the index and partition 
function. A similar relation is also studied in |24j . and a limiting procedure 
which reduces the superconformal index of 4d N = 2 theories to the S 3 parti- 
tion function of corresponding 3d Af — 4 theories is proposed. In these works, 
only the final expressions for the partition function and the index are studied, 
and physical origin of the relation is not so obvious. The purpose of this paper 
is to extend the relation obtained in [23, 24 to general 3d N — 2 and 4d Af = 1 
theories, and to establish the relation at more fundamental level by comparing 
3d and 4d actions. For this purpose, it is convenient to use as similar deforma- 
tion terms as possible in two computations. We use Q-exact deformation terms 
in both cases with closely related supercharges Q in 3d and 4d theories. 

In both ([1]) and (U]), the deformation terms dominate the actions in the weak 
coupling limit u — > oo, and only few terms in the original actions are relevant to 
the partition function and the index. Let S^f^ and S^f^ be the relevant terms 
including the deformation terms. S^f^ consists of (supersymmetric completion 
of) Chern-Simons and FI terms in the original action Sq and the Q-exact 
terms 

S™ = S& d > + 4f + u f VdC^d 3 *, (5) 

Js 3 

while S^f consists of the (supersymmetric completion of) FI terms and the 
deformation terms 

S<£> = S«f>+u[ ^gC^d^x. (6) 

JS 3 xS! 

We consider 3d and 4d theories with the same gauge group G and chiral multi- 
plets $/ belonging to the same G- representations i?/. We assume that the Weyl 
weight A7Q of each chiral multiplet is the same in 3d and 4d. We explicitly show 
for a 3d theory without Chern-Simons terms on round S 3 that S^f* is obtained 

by dimensional reduction of S^el provided that an appropriate Wilson line is 
turned on. 

The deformation terms are not invariant under the dilatation, and the dilatation is broken 
in the deformed theories. For this reason, the parameters Aj in the deformed theories should 
be regarded not as the weyl weights but as parameters appearing in the Q transformation laws 
for chiral multiplets. The absence of the dilatation symmetry in the deformed theories does 
not cause any problem because we need only the fermionic symmetry Q for the computation 
of the exact results. 
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The symmetry associated with the Wilson line may not be a symmetry of 
the original action Sq 4i1 \ but is a symmetry of Sj:tf\ (The symmetry may 
be anomalous. We discuss the treatment of anomalous symmetries at the end 
of <J3) S^j has the symmetry rotating each chiral multiplet independently. 
For each chiral multiplet $/ we define the charge J-i rotating only <E>j and the 
corresponding chemical potential hi. By comparing S^f and , we obtain a 
formula which gives the partition function Z as a small radius limit of the index 
I(t, x, hi). We further generalize the relation by using the recently proposed[2"4] 
connection between squashing parameter s of S 3 [25] and SU(2)r Wilson line. 
The most general formula we propose in this paper is 

Z = lim I(t = q,x = q s , hi = q-"^< + i A <)\ {4d) _ , (3d) , (7) 

where \ii are real mass parameters, and an d Ca^ are ^d anc ^ ^d FI param- 
eters, respectively. Unfortunately, when Chern-Simons levels k a of 3d theory are 
non- vanishing, we could not reproduce the S 3 partition function from the index 
due to the difficulty in obtaining Chern-Simons terms by dimensional reduction. 

The paper is organized as follows. After explaining our notation for spinors 
in the next section, we summarize the superconformal algebra and the supersym- 
metry transformation laws in <|3]and SJH Exact computations of the S 3 partition 
function and the 4d superconformal index are briefly reviewed in $5]and ^J6j re- 
spectively. In <J3we compare the 3d and 4d actions, and find the relation between 
the partition function and the index in the case of hi = k a = Qi = s = 0. 
Generalization to non-vanishing parameters is discussed in ^8l Conclusions are 
presented in §9 



2 Notation for spinors 

Because we consider both 3d and 4d theories, we use notation for spinors such 
that the expression of 3d and 4d theories look as similar as possible. 

For 3d spacetime, we use coordinates x m (m = 1,2,3). Although we can 
define Majorana spinors in 3d Minkowski spacetime, all spinors we use are com- 
plex spinors. For a complex spinor "0, we denote its Majorana conjugate by tp. 
In Euclidean spacetime tp and ip should be treated as independent spinors. 

For 4d spacetime, we use coordinates x^ (fi — 1,2,3,4). When we consider 
S 3 x S 1 background, we use x m for S 3 and x A for S 1 . The 4d Dirac's matrices 
are expressed in terms of the 3d Dirac's matrices by 

We use the same symbol 7™ for 3d and 4d Dirac's matrices. The charge conju- 
gation and the chirality in 4d are 



( tab 
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, 7 5 =l 
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We call the upper (lower) half of a four-component spinor left-handed (right- 
handed). Namely, a left-handed (right-handed) spinor has positive (negative) 
chirality. 3d and 4d completely anti-symmetric tensors e mnp and e^ vpiJ are 
defined by 

'Ymnp — ^mnp^-2: T ^ipvpa £pispa~^-4- (10) 

We raise and lower spinor indices by the relation ip a = ip b eb a - Spinor indices 
are contracted by the NW-SE rule. For example, for spinors V and X: "0X = 

In 4d we use two-component representation. We use a symbol without and 
with bar for a left-handed and right-handed spinor, respectively. For example, 
when we use symbol ip and ip as 4d two-component spinors, their four-component 
representations are 




Note that is not the Dirac's conjugate of ip. We will never use Dirac's conju- 
gate in this paper. 

We use indices [i, v, . . . not only in 4d but also in 3d. In that case we assume 
that all fields do not depend on x 4 , and the 4-th component of a gauge field A p 
is regarded as a Hermitian scalar field a. For example, if the gauge covariant 
derivative is given by = — iA^, the fermion kinetic term — (ip^^D^ip) 
represents in 3d the sum of two terms — (ipj m D m ip) and —(ipail)). 



3 Superconformal algebra 

Before considering actions and transformation laws, let us compare the 4d TV = 1 
superconformal algebra and 3d N — 2 superconformal algebra. 
The 4d algebra contains the generators 

M^, P M , Kp, D, R, Q, Q, S, S, (12) 

while the 3d algebra contains the same generators with vector indices fj, and 
v running over 1,2,3 only. For later use we define Cartan generators of the 
rotation groups, 

M 12 = iJ 3 {3d), M 12 =i(J L + J R ), M 34 = i(J L - Jr) (4d). (13) 
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Almost all (anti-)commutation relations are the same in 3d and 4d. 
[M^, M pa ] = r\ w M va - f] tu ,M vp - rj^M^ + i] ua M pp , 

[M pl , : Pp\ — TJfipPv VvpPp: [M^v, Kp] — TjppKi/ f]vpPiL-i 

[D, P M ] = P M! [D, Kp\ = -K^ [P„,K U } = -2M pv + 2 Vp „D, 

[Mpv,S] = —jpuS, {S = Q,Q,S,S), 

[R,Q] = -Q, [R, Q] = Q, [R, S] = S, [R, S] = -S, 

[d,Q] = \q, [d,q] = Iq, [D,S\ = -~S, [D,~g\ = -~S, 
[S,Pp] = 1 pQ, \S 1 Pp] = 1 pQ, [Q 1 Kp]= 1 pS, [Q,^]= 7m S, 
{Q a , QJ=2( 7 V M . {S a ,S b } = 2(^) ab K p . (14) 

Differences between 3d and 4d arise only in {S, Q} and {S, Q}. In the 3d 
algebra, they are 

{S a , Q b } =( 7 " m )a 6 M mn + 2e ab D + 2e ab R, 

{S a ,Q b } =(l mn )abM mn + 2e ab D - 2e ab R, (15) 

while in the 4d algebra, the coefficients of the i?-charge terms are different. 

{S a , Q b } ={Y w ) ab M^ + 2e ab D + 3e ab R, 

{S a ,Q b } ^-fUM^ + 2e ab D - 3e ab R. (16) 

In radial quantization, the dilatation D is regarded as Hamiltonian, and Q and 
S a are treated to be Hermitian conjugate to each other. From (fTSj) and (|16|) 
we can derive BPS bounds. In particular, the bound obtained from {Si, Q 1 } is 
important in the following computations. In 3d, it is 

{S 1 ,Q 1 } = 2D-2R-2J 3 >Q. (17) 

In 4d, we obtain the bound with different coefficients 

{5i,Q 1 } = 2L>-3i?-4J L >0. (18) 



4 Supersymmetry transformations 

Because the Poincare subalgebra in (fT4l) generated by M pu , P p , Q and Q is 
the same in 3d and 4d, (up to the absence of Pa and M m 4 in 3d,) Q and Q- 
transformation laws in the flat background take the same form in 3d and 4d. 
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For a vector multiplet (A^, A, A, D), the Q and Q-transformations are 
S°A /X =i(e 7p A) - i(e^X), 

5°A = - \l^F^ + De, 

S°D = - (erfD M J) - {e^D^X). (19) 

We use the symbol 5° rather than 8 to emphasize that these are rules for the flat 
background. When we regard these as rules for 3d theory, all fields are assumed 
to be independent of x 4 , and A4 should be regarded as a Hermitian scalar field 
cr. For a chiral multiplet (0, ip, F), the transformation laws are 

8 Q 4> =V2{e^), 

8°ip = - yfirftD^ + V2eF, 
6°^ = - V2^eD^ + V2eF\ 
5°F = - V2(I^D^) - 2(eX)(p, 

5°F^ = - V2(efD$) - 20 t (eA). (20) 

We can construct supersymmetry transformation laws for an arbitrary con- 
formally flat background from (|T9)) and (|20[) by Weyl-covariantization. By a 
Weyl transformation 



< ■■<•■'. (21) 



-aja 



a field <p with Weyl weight A v is transformed by 

ip = e A * a tp'. (22) 

Even if a field (p has definite Weyl weight, its derivative is not transformed co- 
variantly as ()22[) and terms containing d^a arise. There are such non-covariant 
terms in the transformation laws (|T9|) and (|20|) . To extend them to a general 
conformally flat background, we should covariantize them with respect to Weyl 
transformation by adding terms containing derivatives of parameters e and e. 
S°X in 3d and 5°ip contain terms proportional to (D^ip)j^e with ip — a and <f>, 
respectively. <5°A in 3d and 8°ip also contain similar scalar derivative terms. In 
G?-dimensional spacetime, we can covariantize terms of this form by the replace- 
ment 

2A 
2A 

(D&yfe ^(D^yfe + — W^V- (23) 



G 



The fermion derivative terms in S°D 5°F, and 5°F^ are covariantized by the 
replacement 

{trfD^x) -^(-^D^ X ) + 2A * + 1 ~ d ( D^x) , 

{efDtf) -+(efD,x) + 2A * + 1 ~ d (D M efx). (24) 

We can easily confirm that (f2"3")l and (j2"4"]l are transformed covariantly by the 
Weyl transformation (f2"T1) and (|2"2")l as fields with weight A v + 1/2 and A x + 1/2, 
respectively. 



5 S 3 partition function 

In this section we briefly review the computation of the S 3 partition function. 
We here only consider the case with fii = £4 = k a = s = 0. 

Both a 3d J\f = 2 theory and a 4d N = 1 theory have eight supercharges. 
Four of them (Q and S) correspond to the parameter e and the other four (Q and 
S) to e. When we use localization, we choose a nilpotent supercharge Q, and 
add Q-exact terms to the action. Because we should use a linear combination 
of Q and S for computation of the index ([2]), we consider only transformations 
by e in the following. 

On a conformally flat 3d background the parameter e must satisfy the Killing 
equation [1] 

£>m£ = 7m K, (25) 

where k is an arbitrary spinor. Corresponding to four supercharges Q a and S a , 
there are four linearly independent solutions to (|23|). In the case of S 3 , two of 
them are right-invariant, and belong to the (2, 1) representation of the 5 l O(4) = 
SU{2)l x SU{2)r isometry group. Let us denote spinors with Jl = +1/2 and 
Jl = —1/2 by Ii and I2, respectively. We adopt S(li) as Q. Both Z\ and €2 
satisfy 

- * 

D m e = -— 7 m e, (26) 
zr 

and (£162) is constant on S 3 . The other two solutions of ([25]) . which we will not 
use in this paper, are left-invariant, and satisfy a similar equation to ([26)) with 
opposite sign on the right hand side. In the following the parameter e is always 
assumed to satisfy (126)) . 

The <5(e) transformation laws for fields on S 3 are obtained from (fT9|) and (|20p 
by the Weyl-covariantization. The vector multiplet transformation laws are 

8{e)A m = -t(ey m A), 5(e)<r = (eA), «(e)A = 0, 

= ~ l -l mn eF mn - T^D m G + De + -ea, 
2 r 

= -(n m D m X) - (Ha, A]) - JL(Ac). (27) 
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The chiral multiplet transformation laws are 

5{e)^ = V2(i$), 8(e)(f> = 0, S(e)^ = V2eF\ 8{e)F^ = 0, 



5(c)tP = - V2j m eD m (f) + V2ea(f> + — A # e</>, 



S(e)F = -V2(e 7 m AnV>) - V2a(e^) - 2(eA)<£ - ^ f A« - M (e0), (28) 

where A<j> is the Weyl weight of the chiral multiplet, which is defined as the 
Weyl weight of the dynamical scalar component field. 

There is an ambiguity in the choice of the Q-exact deformation Lagrangian 
density £. We adopt the following one obtained by applying 5(ei) and S (I2) to 
an anti-chiral operator, 



{e{l 2 )C = 6(^)5(62) (-1 tr(AA) - \ £ ^F^j , 



(29) 



where tr represents a gauge invariant positive definite inner product. (|29[) can 
be used both in 3d and 4d. In 3d, by using the 3d transformation laws (|2T|) and 
we obtain 



£^ = tr 



1 



~D m aD m a - ^e mn * F mn D p <r + i (~a - iD 



(X-f m D m \) - (A[(T, A]) + 7p(AA) 

2r 



E 



t> j a a (pi 



t>i<7<Pl 



(30) 



(We use notation that in Euclidean signature the Hermitian conjugate of the 
auxiliary fields D and Fi are —I? and —Ft, respectively.) In the large u limit, wc 
can perform the path integral ([]}, and obtain the matrix model integralQ] [2 [3] 



Z = 



(31) 



Integration variable a in ([3~Tj) is an element of the Cartan subalgebra of the 
gauge group G. The Jacobian factor J^ d \<j) is 



j( 3d )(a) = 7ra(m). 



(32) 
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Z vectoT (a) and Z|, hlral (cr) are 1-loop partition function of vector and chiral mul- 
tiplets. They are given by 



» = n 



sinh(7TQ (ra)) 



ira(r<r) 

7 chirai. s n tt/ k + 1 - A/ - ipjra) \ k 
Z *< to- 11 llU_i + A/ +ip(r<7)) • (33) 



pei?/ fe=i 



6 Superconformal index 

Let us consider a 4d A/" = 1 theory in S 3 x S 1 . The background is conformally 
fiat, and the parameter e must satisfy the Killing equation 

D„e = 7/1 k. (34) 

To relate 3d spinor e(x m ) satisfying (|26|) and 4d spinor e^), we take the anzats 

?(x») = f(x 4 )e(x m ). (35) 

From (f2"5j) the 4d spinor e(x^) satisfies 

D^) = ^7M74e(^) (36) 

for \i = 1, 2, 3. For e to be a Killing spinor in 4d, this must hold for /j, = 4, too. 
This determines the function /(x 4 ) up to normalization as 

/(z 4 ) = e^. (37) 

Corresponding to the Killing spinors 1i(x m ) and 62(x m ) in 3d, we define two 
Killing spinors in 4d, which are denote by the same symbols ei and Zi- We 
adopt S(ei(x fJ ')) as Q in the same way as in 3d. 
We want to compute a quantity in the form 

I = ti[(-l) F Oq D ], (38) 

where O is an operator constructed from the Cartan generators of the super- 
conformal and flavor symmetries. The most general form of O is 

O = y-§R-2J H R+2J Lx 2J R -Q ^ (39) 

i 

This is equivalent to imposing the boundary condition 

^>(x rn ,x i ) = C$(x m ,x 4 + /3r), (40) 

on an arbitrary field <£>. For localization to be applicable the supercharge Q 
must commute with the operator O. Equivalently, the Killing spinor ei must 
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satisfy the boundary condition (|4"0")) . This requires y = q, and in this case 
becomes the index . 

The 4d supersymmetry transformation laws are obtained from (|19|) and (|20p 
by using (j2"3")l . (|2~4"1) . and The transformation laws for a vector multiplct 

are 



-i(e^X), 5(e)X = 0, 



5(e)X = --^ v eF^ + De, 
S(e)D = -(ey^A). 
The chiral multiplet transformation laws are 

S(e)^ = \/2(#), (5(e)0 = 0, 5(e)^ = V2eF\ 5(e)F^ = 0, 



(41) 



4 _ 

7 e<i 



The 4d deformation Lagrangian density £< 4d ) is given by 
transformation laws (|4ip and (|4"2"j) , 



(42) 

with the 4d 



=tr 



E 



- FjFi - + $1% ~ — ^ — £ 4< 



2(A 7 



A/-1 



(43) 



Note that this action contains only the anti-self-dual part of F^ v , and we need 
to change the coefficient of the topological term oc tr(FAF) to localize the path 
integral to flat connections. This is possible because the index does not depend 
on the coefficient of this term as well as other coupling constants consistent with 
the symmetry of the system. This Lagrangian density is essentially the same as 
what is derived in |14j . The index can be computed exactly by performing the 
path integral (0} in the large u limit. The result isjTB] 



I(t,x,hi) 



T ra„k G 



dA^jM (A 4 ) Pexp f(g irA \t, x, hi). 



(44) 



The A4 integral is taken over the maximal torus of the gauge group G. Pexp is 
the plethystic exponential 



Pexp/fot^fc) =exp V -f(g m ,r 
U^i m 



,x m ,h™) 



(45) 
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J( 4d )(j4 4 ) is the Jacobian factor associated with the gauge fixing, 



j {4d \A,)= n 



/9 



(46) 



f(g,t,x,hi) is the letter index. The contribution of vector multiplets is 

f vcctol (q lrA \t,x : h t ) 



= V" g*«(rA 4 ) 



oo oo 1/2 

E E w fe -E E 

Z=0 k=-l/2 1=1 k=-l/2 



-2k 



2t 2 -tix + x- 1 ) 



(1 - tx)(l - tx- 



(47) 



The contribution of a chiral multiplet belonging to a gauge representation 
Ri is 



1/2 



= EE E u ip(rA4) ^ +iAi ^- 2fe n ft: 

p£_Rj Z=0 k=-l/2 \ » 



-•F<(*j) 



E 



(1 - ta)(l - ta;- 1 ) 



(48) 



7 Comparison of the deformation actions 

In order to relate the S 3 partition function and the index, let us compare the 
Lagrangian densities £( 3d ' in and £( 4d ) in (1431) . They look similar, but not 
the same. The difference is partially absorbed by shifting the auxiliary Z?-field. 



D (4d) = D (3d) + i a 

r 



(49) 



Even after this shift the actions are still different. If we assume there are no 
non-trivial background Wilson lines around S 1 and the covariant derivative D4 
reduces to —iA^ = —ia in dimensional reduction, the difference is 



r(3d) _ Aid) = J_ 
2r 



(A 7 4 A) - E^/7 4 ^/) 



(50) 



This difference can be removed by introducing a suitable Wilson line if the 
theory has the symmetry R with the charge assignments 



R (X) = +1, R {ipi) = -1, Ro{A^) = R (<f>) = 0. 



(51) 
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We weakly gauge this symmetry and introduce the gauge field for this sym- 
metry. If we turn on the Wilson line 

<Vk> = ~, (52) 

the difference ([5fl| is canceled by the terms arising from the 4d fermion kinetic 
terms in (|4"3")l . This is equivalent to the insertion of the operator 

O = q~^ Ro (53) 

in (|38[) . and thus we expect that the partition function Z is given by 

Z= lmitr[(-l) F q-^ Ra q D ]. (54) 

q^l 

If the 4d parent theory has non-vanishing superpotential, the symmetry Rq 
is in general broken. However, the superpotential does not affect the index. The 
relevant part of the deformed action S^f* has the large symmetry rotating chiral 
multiplets independently Let Ti denote the generator rotating only a chiral 
multiplet $/ by charge 1. Correspondingly, we introduce chemical potentials 
hi. The symmetry Ro is related to R, the i?-symmetry in the superconformal 
algebra, by 

flo = #-~ Y^Aj-Fr, (55) 
6 i 

and we can express (|54p as a special limit of the index, 

Z = lim I(i = q,x = l,hj = q^ Al ). (56) 



It is easily checked that this relation indeed holds for (|3Tj) and (|44j) as follows. 
Because the radius of the maximal torus T rank G is inversely proportional to the 
S 1 period j3r, it becomes R rankG in the limit f3 — > 0. We also see that the 
Jacobian factor (|46|) reduces to ([32]) when j3 — > 0. We obtain 



lim/ dA 4 J {4d \A 4 )= [ daJ {M) {Ai). (57) 



For the letter indices, we first express the plethystic exponential of (|47j) and 
(|48|) as the infinite products, 



Pex P r ctm (q* rA \t,x,h I ) = [] 



n i ~in' fc / L 2 -, /2 (i-g ia(rA4) *'^ 2fc ) 
4g n^o nl2_«/2(i - v) : 



00 1/2 /1 „-ip(rAi)j.i-|A7+2_2fc l-J 7 ! ' 

Pexp/^V^V,^/) = TT TT TT — , 2A 7 

1 _t„,A,,,~\ l-q*P( rA *H l+ % Al X- 2k hf' 



p£R! 1=0 k=-J/2 



(58) 
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Once we obtain these infinite products, it is straightforward to confirm the 
following relations. 



t k A *\ —^vector ( 
cchiral/ irA& -t iA/\ ychiral/ 



Km Pcxp/ VGCtor (g lrA4 , q, 1, q^ A ') =Z vcctm (A 4 ), 



hmPexp/|f al ( g ^, g ,l, g 3 Al ) =^7 al (A 4 ). (59) 



Combining (|57|) and ([59]), we obtain the relation (f56)) . 

Before ending this section, let us argue the anomaly associated with the 
inserted operator O. We consider the quantity 

I(t,x,h I )=tv[(-lfq x q D ], (60) 

where we denote the inserted operator O by q x . As we mentioned in fjl] the 
symmetry generated by X may be anomalous, and then the quantity (|60p is not 
well defined. This can be regarded as inconsistency in the S 1 compactification. 
If X is anomalous, the rotation by q x does not keep the effective action T 
invariant but changes it by 

r^r' = r+ / tr F (XF a f) (6i) 

J S 3 XS 1 87T 

where trp is the trace over Weyl fermions of positive chirality, which contribute 
to the anomaly. 

This change of the effective action obstacles the compactification x 4 + fir ~ 
x 4 . We can remove this obstruction by adding the following term to the tree- 
level action. 

S' = -( ^-tr F (XFAF) 
J S 3 X si 8?Hr 



dx 4 [ ^-2~tr F 
S i J S 3 8ir z r 



X [ AAF -jAAAAA 



(62) 



Due to the x 4 dependence of the 8 angle, the change of S' under the shift 
x 4 —> x 4 + fir cancels the anomalous change (J6XJ) . With the inclusion of the 
term (|62j) in the action, we can consistently compactify the x 4 direction with 
the twist by O = q x . When X is anomalous, we define the quantity (|6"0"|) by 
the path integral ([2]) with the action improved by (|62|) . 

Let us consider whether it is possible to extend the additional term S' in 
a supersymmetric way. (|62|) is a three-dimensional Chern-Simons term except 
that fields depend on the fourth coordinate x 4 along S 1 . If all fields were x 4 - 
independent, we could actually construct the supersymmetric completion 



•^SUSY — / ^ x 



i s i xS . 8n 2 r 



X Ue mn *> U m d n A p - ^A m A n A p j + (XX) - D^A 4 + i^j 

"(63) 
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For fields depending on x 4 , however, this action is not supersymmetry invariant. 
We have non-vanishing supersymmetry transformation of the action 

SS' SUSY = [ d 4 x-4-tr F [X(A 7 ^)9 4 A M ]. (64) 

It is even worse that (|63|) is not even gauge invariant due to terms containing 
A4. Unfortunately, we could not remedy these defects in (|6"5|) . and we use the 
non-supersymmetric term (|62p to turn on non-trivial Wilson lines for anomalous 
symmetries. In the large u limit, the term (j52"]) is irrelevant, and I(t, x, hi) is 
still given by the formula f)44[) . However, the absence of the supersymmetry 
spoils the it-independence of the path integrals, and we can no longer regard 
I(t, x, hj) computed by the formula (|44| as the index of the original theory. In 
the small S 1 limit /3 — > 0, the term ([B"2"]) vanishes and the relation ([55]) still holds. 



8 Generalization 

Up to here we have been assuming that parameters of the 3d theory, /!/, (^4, 
fc Q , and s all vanish. Let us consider how we can obtain partition function for a 
theory with these parameters turned on. 

If the 3d theory has a flavor U{\) symmetry, we can introduce a real mass 
proportional to the flavor charge for each chiral multiplet. We here focus only 
on the relevant part S^f 1 , and we can introduce real mass fii for each chi- 
ral multiplet $/ by weakly gauging 3~i and turning on the scalar component 
07 of the corresponding vector multiplet (ai,Ai i7n , Aj, A/, Di). (If some of Ti 
are anomalous, we need to introduce the term (1621) in the definition of the in- 
dex.) Note that we should turn on the auxiliary field Di, too, to preserve the 
supersymmetry ([27]). 

(ai)=fii, {Df d) ) = - l -^i 1 (Ai, m ) = (Xi) = (Xi) = 0. (65) 

From the viewpoint of 4d theory, this is realized by turning on the Wilson line 
for the flavor symmetry J-j, 

(Ai A ) = /i/, (D<f d) ) = {Ai. m ) = (Xi) = (Xi) = 0. (66) 
This is equivalent to the insertion of the operator 

in AMI) . 

The next parameter we consider is a squashing parameter s. The partition 
function of a theory on squashed S 3 is investigated in |25j . and it is found that 
the partition function is changed when both the isometries SU (2) l and SU (2) a 
are broken to U{\). It is proposed recently in [24] that the partition function 
depending on the squashing parameter is reproduced from the index by turning 
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on SU(2)r Wilson line in the case of 4d N = 2 theories. We consider the 
insertion of the operator 

q 2sjR , (68) 

in a general 4d Af = 1 theory. 

By inserting (|571) and into (1541 . we obtain 

Z = lim tr[(-l) F g"5 iio g- ir ^ g 2sJ «g D ] 

= lim I(t = q,x = q s , hi = q- ir ^ + ^ A '). (69) 

gr->l 



This is the relation ([7]) with vanishing FI parameters. Let us confirm that (|69[) 
reproduces the partition function of a 3d theory with non- vanishing real masses 
and squashing parameter. From the infinite product representation (1551) we 
easily obtain 



n n 

p£R rn , n > 



hm Pexp fg**(q irA * ,q,q s , <f"+§ A ' ) 

m(l + s) + n(l — s) — A/ + 2 — ip(rAi) — ir/i/ 



m(l — s) + n(l + s) + A/ + ip^rA^) + zr/i/ 



lim Pexp /vector/ irA 4 . ^Mx+iA, s 

_ -I-T T\ m ,n>0,( m ,nmOfi)( m { 1 - S ) + "(1 + S ) + M^)) 

~i e i n ro ,„>oMl + «) + n(l-«) + 2 + i«N 

These are consistent with known results. When /i/ = 0, these agree with the 
results in 25. by the identification of parameters 

The yit/ dependence of (|70p is consistent with the holomorphic dependence of 
the partition function on A/ + irpi [5] . 

One may think that this result is inconsistent with the result in [25] be- 
cause the expression (|69p for the partition function does not break the SU(2)l 
symmetry. Ref [25] shows that an SU(2) x U(l) invariant squashing does not 
change the partition function. The reason for these different results is as follows. 
The squashing considered in |25j is a left-invariant squashing which preserves 
SU (2)l isometry, and a Wilson line is turned on so that a half of left-invariant 
Killing spinors is preserved. There is in fact another essentially inequivalent 
possibility. We can realize a left-invariant squashing with right-invariant Killing 
spinors by taking a different graviphoton background from 25 . In the above we 
use right-invariant Killing spinors, and the SU(2)r Wilson line (|68|) preserves 
SU(2)l isometry. This is a different situation from [25] . 

In our case, the squashed metric is obtained from the 4d background metric 
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corresponding to the insertion (|r?5|) 

ds 2 =r 2 [(^) 2 + (pi 2 ) 2 + (^ + isdx 4 ) 2 + (dx 4 f 



(72) 



where /i a are left- invariant one- forms used in [35] . We can read off the squashed 
metric of the base manifold, 

ds 2 ^r 2 [( i ?) 2 + ^ 2 ) 2 ] + Y ^- 2 {^) 2 . (73) 

It is interesting problem to confirm directly in 3d that the partition function for 
this squashed manifold with right-invariant Killing spinors agree with (|70l) . 

As the last extension, let us introduce FI parameters. Let (Aa^tu, va, Aaj Aa, D 
be U(l) vector multiplets for which we want to turn on the FI parameters. If 
the 3d original action contains the supersymmetry completion of FI terms 

4f = - E Cr / s3 V~9 (<> - '-oa) d 3 *, (74) 
the additional factor 

exp(^V 2 EC?V) (75) 

should be included in the integrand in ([3"T]). 5pj in (|74|) is obtained by dimen- 
sional reduction of 4d FI terms. Note that the 4d FI term must be accompanied 
by smeared Wilson line to preserve the supersymmetry, 

2i 
r 



A 



4f = - E tf I V9( - ~A AA ) d 4 x. (76) 



Due to the coupling to the gauge fields, the 4d FI parameters must be quantized, 
and thus the index can depend on them. If we keep the relation /3r^ = Ca^ m 
the small radius limit, we reproduce (1741 from (|76l) and the factor corresponding 
to (|75p arises in the index formula (|4"4")) . Taking account of this relation, we 
obtain the most general relation ([7]). 

Finally we comment on Chern-Simons terms. The supersymmetric comple- 
tion of Chern-Simons term is 

if 2i 
—e n I A m d n A p — 



sg d) =f VStf 



-e mnp ( A m d n A p - —A m A n A p ) + (XX) - Da 



d 3 x, (77) 



where tr' is a gauge invariant inner product containing Chern-Simons levels. If 
these terms exist in the original action in ([!}, the extra factor 



-27r 2 itr'0 2 er 2 ) 



(78) 



arises in the integrand in pip. Unfortunately, we cannot reproduce this con- 
tribution from the index due to the difficulty in constructing 4d action which 
gives Chern-Simons terms through dimensional reduction. 
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9 Conclusions 



In this paper we investigated a relation between 3d and 4d actions used for 
computation of two exactly calculable quantities, the S 3 partition function and 
the 4d superconformal index. 

When the 3d theory does not have Chern- Simons terms, the relevant part 
of the action, which affects the S 3 partition function, consists of Q-exact de- 
formation terms and the supersymmetric completion of FI terms. In the case 
of round S 3 , we showed that this relevant part of the 3d action is obtained by 
dimensional reduction from the corresponding terms in 4d action used for the 
computation of the 4d superconformal index. From this fact, we obtained a 
relation which gives the S 3 partition function as a small radius limit of the 4d 
superconformal index suitably generalized so that we can introduce chemical 
potentials to anomalous symmetries. 

To obtain the most general relation ([7]), we used a connection between a 
squashing of S 3 and SU(2)r Wilson line. Although the squashing we considered 
in this paper, the left-invariant squashing with right-invariant Killing spinors, 
is different from squashings studied in [25], our result agree with the partition 
function for the U(l) x 17(1) symmetric squashed S 3 derived in |25) . 

For 3d theory with Chcrn-Simons terms, we could not give a 4d action 
reproducing the S 3 partition function. 
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